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A B S T R A C T

 

Over the recent years, a continuous growth in the worldwide population and economy has lead to an increase in consumption of 

products. This demand also has lead to an increase of waste, which in turn has resulted in a higher potential of converting 

waste into meaningful raw materials and reusable products.  

ERSUC is a company that focuses on the management of waste products in Portugal. One of the main activities relies on 

selectively collecting waste products, by transporting the packaged consumer waste from recycling bins to the respective 

depots.    

The goal of this thesis is the optimization of route planning for ERSUC by increasing efficiency without an increase in 

operational costs. The Vehicle Routing Problem (VPR) algorithm, and some variations, are used to analyse how the increase of 

the number of depots from two to seven can lead to a minimization of distance travelled by the collection vehicles. 

Based on a state-of-the-art literature review on VRP, the Cluster First-Route Second approach was used to solve the 

optimization problem. The approach involves two phases: the first phase simplifies the problem using a sectorization method 

and the second phase defines the routing problem through a VRP with two-commodity flow formulation. The optimization 

method resulted in a significant improvement in efficiency with a 30% reduction of the annual collection distance travelled for the 

same operational costs. 
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1. Introduction 
 

Waste production is a consequence of the use of resources 

from socioeconomic activities. Waste life cycle is defined by 

it start, from when raw materials are extracted from nature, 

and ends when they are no longer useful to the consumer. 

Environmental impact resulting from waste is not only 

related to their production, but also from how they are used, 

discarded and potentially reintegrated into a production 

system. Thus, society has been attempting to perfect the 

way it manages its waste, through reusing or giving it new 

value. 

With a view to increase effectively the use of consumed raw 

material, the European Parliament and the Council of the 

European Union set a common goal, in 30 May 2018, for 

Member States to reuse and recycle 65% of packaging 

waste by 2025 and at least 70% by weight of all packaging 

waste (PERSU 2020+) to be recycled. Within the challenges 

of the upcoming years, the operational ones are becoming 

the most relevant, in specific, selective packaging collection, 

selective collection of bio-waste, production of organic 

concealer, among others. 

ERSUC is a company responsible for the collection, 

treatment and value recover of packaging waste. This paper 

focuses on studying and optimizing certain infrastructures of 

ERSUC, specifically related to the way selective waste is 

collected, so that it can function more efficiently and achieve 

the demanding goals proposed internationally, without 

incurring too high costs. 

All distributors across different industries have been 

similarly confronted with route planning issues, often 

referred to in the literature as Vehicle Routing Problem 

(VRP) and its variants. Therefore, this paper aims to 

analyze how ERSUC can optimize the resources at its 

disposal, through modelling their route planning. To achieve 

this goal, possible alternatives for packaging waste 

collection are analyzed. At the current moment, the 

company has operates with two depots to cover a very large 

area of intervention but has five active transfer stations that 

could be used as waste disposal containers. 

The proposed methodology in this paper is divided into four 

sections, as represented in Figure 1. 

 

 
Figure 1 – Methodology used in this paper 

Considering the given methodology, the paper proceeds as 

follows: section 2 presents the VRP concept and some 

variants that are considered as different approaches to 

solve the problem in hand; section 3 describes the 

approached used; section 4 outlines the case study and 
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presents the results; and section 5 concludes the findings 

and suggests some future applications. 

 

2. Literature Review 
 

The vehicle route planning theme started in 1959 when 

Dantzig & Ramser (1959) introduced the concept of “Truck 

Dispatching Problem”, through the use of a linear 

programming model, where the goal was to minimize the 

distance travelled by a fleet of homogeneous vehicles 

intended to distribute fuel from one central station to several 

filling stations (Dantzig & Ramser 1959). Clarke & Wright in 

1964 generalized the previous problem, defining it "as 

serving a set of customers, geographically distribuited 

around a distribution center (DC) with vehicles of varying 

loads." To solve the problem, the authors used an iterative 

process that allows achieving an optimal or approximately 

optimal solution of this linear optimization problem (Clarke & 

Wright 1964). These authors started a field of study named 

Vehicle Routing Problem (VRP), which became one of the 

largest topics of study in the field of operational research 

(Braekers et al., 2016). Until the year of 2009, the literature 

on the subject experienced an exponential growth of 6% per 

year (Eksioglu et al., 2009). 

VRP is a problem of combinatorial optimization that 

generalizes the Traveling Salesman Problem (TSP). The 

purpose of the TSP is to move a salesman through a set of 

different cities within the shortest distance travelled (Larsen 

2001). As such, VRP is a NP-Hard combinatorial problem, 

non-deterministic polynomial-time hard, (Jean François 

Cordeau et al. 2007) and aims to design optimal routes, 

assuring that vehicles do not exceed their capacities and 

simultaneously ensuring that the overall shipping cost is 

minimized. Each vehicle is destined for a single route and 

has to depart and return to a unique CD after serving a set 

of customers with a specific demand (Braekers et al., 2016). 

A representation of this problem can be observed in Figure 

9. 

 
Figure 2 - VRP illustration 

 

Depending on the needs of the companies concerned, route 

restrictions may vary. There are several restrictions on the 

definition of routes, which may depend on the nature of the 

goods to be transported, the quality of the service, the 

characteristics of the customers or vehicles themselves 

(Baldacci et al., 2010). However, there are three restrictions 

that must be guaranteed: satisfaction in demand, visiting all 

customers, and planning routes starting and ending on the 

CD. 

2.1 Short introduction to VRP mathematical model  

Laporte (1992) defined the VRP as a graph 𝐺 =

(𝑉, 𝐸), where 𝑉 =  {1, … , 𝑛} represents the set of vertices and 

𝐸 = {(𝑖, 𝑗): 𝑖, 𝑗 ∈ 𝑉 ⋀ 𝑖 < 𝑗} the set of arcs. The vertex 𝑖 =

1 represents the CD while each vertex 𝑖 = 2, … , 𝑛 represents 

a customer or a search point. These are associated with a 

nonnegative demand, 𝑞𝑖, which represent known demands 

of greater or equal than zero, leading to 𝑞1 = 0, as there is 

no demand on the CD. The set 𝐸 is defined by the paths 

that connect the vertices (𝑖, 𝑗), where 𝑖 represents the 

starting point and 𝑗 the finishing point. To these routes is 

always associated the index 𝑐𝑖𝑗, which can represent the 

cost or travel time. Combining all the travel costs together 

results in a cost matrix that if asymmetric, i.e. if the travel 

cost is not equal in both directions, 𝑐𝑖𝑗 ≠ 𝑐𝑗𝑖, then we are 

towards a direct graph, where routes are defined by 𝐴 =

{(𝑖, 𝑗): 𝑖, 𝑗 ∈ 𝑉 ⋀ 𝑖 ≠ 𝑗}. The scope of this work will be within 

the direct graphs, as among other reasons (e.g. one-way 

roads), it becomes impossible to return along the same 

route. It is also necessary to take into consideration the fleet 

consisting of 𝑚 capacity vehicles (𝑄𝑚), where each will 

correspond to a route with the minimum cost, the latter 

being associated with the sum of the expenses along each 

route. 

As a NP-Hard combinatorial problem, the range of solutions 

is very high, and it is impracticable to evaluate all elements 

of the problem within an acceptable period of time. As such, 

several researchers over the years developed multiple 

methods that could provide the best solution three 

approaches stand out: Exact Methods, Heuristic Methods 

and Meta-Heuristic Methods (Jean François Cordeau et al. 

2007). 

 

2.2 VRP variants 

 

Over the years, several variants of the classic VRP have 

emerged in order to adapt the original problem to the real 

complexities that individual companies faced. Problems 

such as time windows for picking goods, fleets consisting of 

heterogeneous vehicles, customers with different visiting 

frequencies, among others, have led to define restrictions 

on the original problem, thus creating the so called variants 

to the VRP problem. Figure 2 shows the hierarchy of some 

examples of VRP variants. 

 

 

Figura 3 - VRP variations 
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2.3 MDVRP  

 

Like VRP, this problem is also a NP-Hard combinatorial 

problem. However, this variant of VRP will have greater 

complexity in finding the optimal solution of the problem as, 

even for problems of smaller dimension, it is mathematically 

more complex than VRP (Renaud et al., 1996). 

In 1985 the authors Kulkarni & Bhave proposed in the 

literature this variant to the classic VRP. Several different 

studies have followed up, including those from Laporte et al. 

(1988) and Carpaneto et al. (1989). This problem differs 

from the classic VRP because it is a problem specifically 

defined for two or more depots, therefore being a more 

sophisticated and challenging problem to solve (Montoya-

Torres et al., 2015). 

To solve MDVRP problems, those with multiple depots, 

there are two possibilities: sequentially or in an integrated 

manner. In the first, sequentially, decisions are made based 

on which customers to allocate to each warehouse (through 

the sectorization technique that is explained later in 

subsection 3.3.4), therefore resulting in multiple VRP 

problems where the routes are subsequently optimized 

using the methods presented in section 3.3.1.2. In the 

second, decisions are taken simultaneously in an integrated 

manner, and it is necessary to introduce in the problem the 

locations of the depots as input. 

 

2.4 LRP 

 

One scenario that companies have came across in recent 

years, and in particular the decision makers, is the 

increasing complexity of problems, which results in an 

increased number of objectives within the same problem. 

Typically, these objectives are contradictory, such as 

combining the minimization of the vehicle fleet and 

maximization of the service quality. 

Lin & Kwok (2006) introduced a variation of MDVRP, the 

Location Routing Problem. In this variation, the problem is 

also solved simultaneously, that is, the allocation of 

customers to depots and to optimal routes, with an 

additional objective of understanding the available depots to 

use. 

 

2.5 Sectorization applied to planning routes  

 

Since we are facing problems with multiple depots, and as 

noted in section 2.3, in one of the methods used to solve 

problems of type cluster first-route second, it is necessary to 

separate clients by depots, i.e. to define the range of action 

of each warehouse. It is therefore pertinent to analyze the 

problem of dividing the geographical area by the existing 

depots. This separation is called sectorization. This type of 

approach has a direct application to several real cases, 

such as the work of Hanafi et al. (1999), who firstly 

performed the sectorization and later solves a VRP within 

each sector. 

Solving sectorization has two possible strategies that differ 

in their starting point: division or agglomeration. In division-

based sectorization the region is considered as a whole, 

then the region is divided into several smaller sectors. In 

clustering sectorization one begins with scattered vertices 

that later cluster and compose the sectors. According to 

Muyldermans (2003), the second strategy is best suited to 

this type of problem and is divided into three techniques: 

Clustering algorithms, Real Distance and Euclidean 

Distance. 

Clustering algorithms start by considering each vertex as a 

sector that is later aggregated with other vertices, making 

the sectors larger until reaching the number of sectors 

previously defined. There are numerous clustering 

techniques, but according to Steinbach et al. (2000) the best 

known and best performing techniques are: Hierarchical 

Clustering and K-Means Clustering. 

The actual distance and the Euclidean distance will be 

approached in the same manner by calculating the distance 

from all container locations to the depots and assigning that 

same location to the nearest one. 

 

3.Cluster First-Route Second  
 

This paper focused on studying the waste collection process 

carried out by ERSUC. In this company, there are certain 

aspects that can be improved and through these provide 

better service to their customers, and still consider a better 

future for the planet. The focus of this study is therefore 

analyzing how the collection of recyclable waste is being 

performed and evaluate the company's effectiveness when 

increasing the number of depots available from two (current 

state) to seven (taking advantage of the 5 ETs).  

 

 

Figure 4 – Different approaches to the problem 

 

The approach chosen here is represented in blue dashes in 

Figure 4, namely the Cluster First-Route Second type and is 

divided into two phases. The first phase, tactical, consists of 

the sectorization of the area around the depots that are 

given as input (two CITVRSU and five ETs). In the second 

phase, the operational one, the problem will be solved as 

seven VRP sub-problems. 

The approach chosen to solve the problem, Cluster First-

Route Second, is divided into two main phases, represented 

in Figure 5. The first phase is a sectorization problem, in 

which three different methods will be applied to accomplish 

it. The three methods are: Real Distance, Euclidean 

Distance, and K-Means Cluster Analysis. After the 

containers are allocated to each of the 7 depots (Phase 1), 

the collection routes will be defined in Phase 2. To define 

the collection routes it was necessary to reduce the size of 

the problem by aggregating the various containers per town 

council and considering the different collection periods for 

each (Phase 2.1). After reducing the size of the problem, a 

VRP will be solved for each sub-problem obtained (Phase 
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2.2). In phase 2.2 the mathematical formulation of CVRP 

proposed by Baldacci et al., (2004) will be implemented and 

solved with GAMS (General Algebraic Modeling System). 

To validate the results, these will be compared with the 

current numbers of the company, using the 2017 data 

provided by ERSUC.  

 

 
Figure 5 – Phases of resolution 

 

3.1 Phase 1: Sectorization 

 

Sectorization, as mentioned in Section 3.3.4, is the division 

of a geographical area into sub-regions. Within the scope of 

the problem under study here, sectorization consists of 

dividing the total ERSUC intervention area into seven sub-

areas corresponding to each depot. Since sectorization 

plays a pivotal role in the analysis, three different methods 

were applied: 

 

• 1 – Allocate each container to the nearest depot 

considering the Real Distance; 

• 2 – Allocate each container to the nearest depot 

considering the Euclidean Distance; 

• 3 – Apply the K-Means Cluster Analysis method. 
 
In solving the sectorization problem, the centroids of the 

seven groups to be defined are known and are represented 

by the geographical coordinates of the depots. 

Consequently, the approach to be taken forwards will be the 

one of agglomeration rather than division, since the former 

is a feature common to all three methods. 

In the first method, the actual distance between each 

container and each of the seven depots will be calculated. 

The container will be allocated to the warehouse that 

corresponds to the shortest distance to travel. Software 

developed under the WSmart Route (2019) project was 

used to obtain the actual distances between a set of 

locations based on their geographical coordinates. 

In the second method, the Euclidean distance between the 

location of all containers and the seven depots will be 

calculated according to equation (1). The following 

procedure is similar to the first method, with each container 

being allocated to the warehouse that corresponds to the 

shortest distance. 

 

𝑊𝑠 = √(𝑦2 − 𝑦1)2 + (𝑥2 − 𝑥1)22  (1) 

The third method is cluster analysis using the K-Means 

Cluster Analysis method through the SPSS statistics 

software. In this approach it is necessary to give the location 

of k centroids, which in this case will be the geographic 

coordinates of the 7 depots. 

 

3.2 Phase 2: Definition of Routes 

 

Phase 2 consists of two consecutive phases: Reduction of 

Problem Dimension and VRP Resolution. In the first 

instance the reduction of the problem is made, which will 

serve as input for the second phase to be performed, being 

the first of extreme relevance because without it, it would 

not be possible to perform the second phase that will 

determine which paths will be followed. 

 

3.2.1 Phase 2.1: Reduction Dimension  

 

With the problem divided already into seven smaller 

problems, the container locations will be aggregated (Phase 

2.1.1). In order to reduce the number of container locations 

that will be introduced into the model, a container 

aggregation will be made based on respective town 

councils, where each vertex to be entered will represent a 

set of multiple locations, named collection points. 

Since the collection points comprise most likely of more than 

one cardboard container alone, it will be essential to 

consider the distance travelled between them. In order to 

obtain a value for the distance travelled within the collection 

site, the number of locations (which may comprise more 

than one container) will be multiplied by an average 

distance value. It would originally be supposed to multiply 

the average value by the number of containers minus one, 

but such will not be the case in order to account for the 

distance from the centroid to the first container to visit at the 

collection point. But in order to obtain this annual value it 

would be necessary to know how frequently each collection 

point will be collected annually. 

A periodically repeated solution is desirable for the company 

as it simplifies the management of operations in terms of 

stability over the amount of waste to be collected. This will 

determine the collection frequency (Phase 2.1.2), so that the 

collection points are subdivided taking into account the daily 

rate deposited. 

The methodology used will check how often these collection 

points should be visited so that their capacity is not 

exceeded, and therefore creating a visiting pattern that 

meets the needs of the problem. It will be tested for periods 

of less than 7 days, at the end of 7 days, 14 days, 21 days, 

and 28 days. The approach used here assumed that the 

containers within the collection points will fill proportionally, 

and to verify if the capacity is not exceeded it will be 

checked if the amount of waste deposited at the collection 

point is either equal to the product between the number of 

containers at the collection point and their capacity, or equal 

to the vehicle capacity. This last point is extremely relevant 

since, in the methodology used, the amount deposited is not 

only limited by containers but also by the vehicle, in order to 

avoid the vehicle from being overloaded halfway of a 

collection. 

Once the frequency has been calculated it will be possible 

to calculate the distance travelled in 2017 (365 days will be 

considered) within the collection points using equation (2). 

Considering, 𝐷𝑖, the annual travelled distance inside the 

collection points. 

𝐷𝑖 =
365

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
 x 𝑀𝑒𝑑𝑖𝑎𝑛 𝑉𝑎𝑙𝑢𝑒 x 𝑁º 𝐿𝑜𝑐𝑎𝑙𝑡𝑖𝑜𝑛𝑠 (2) 
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3.2.2 Phase 2.2: Reduction of VRP 

 

Once done the sectorization seven sub-problems for each of 

the three methods analyzed are obtained. After reducing the 

size of the problem, 105 sub-problems (3 methods x 7 

depots x 5 collection intervals) are potentially generated and 

such number will depend on whether or not there are five 

frequency intervals. For sub-problems requiring a frequency 

of less than seven days (21 sub-problems) unique routes 

will be considered, i.e. a vehicle will leave the depot to pass 

the collection point and resume to the same depot. 

Therefore, at this point it may be necessary to resolve 77 

independent VRPs (105 sub-problems - 21 sub-problems). 

The next step involves the development of the mathematical 

formulation of the VRP, which implies defining the indices, 

sets, parameters, decision variables, objective function and 

constraints necessary to ensure that the model meets the 

requirements of this case of study. The mathematical 

formulation developed in this dissertation was based on the 

work of Baldacci et al., (2004) and of Ramos et al., (2013).  

The model is formulated through a graph, an extension of 

that presented in Section 2.1. The displayed graph is 

defined as 𝐺 = (𝑉, 𝐸), no qual 𝑉 =  {0, … , 𝑛} and represents 

the set of vertices 𝐸 = {(𝑖, 𝑗): 𝑖, 𝑗 ∈ 𝑉 ⋀ 𝑖 < 𝑗} and the set of 

edges. We chose to follow a new formulation for symmetric 

VRP, based on a two-commodity flow on all edges that are 

used and as such it was necessary to add a dummy vertex 

that represents the same depot again. Consequently, the 

graph that will be applied is defined as 𝐺 = (𝑉, 𝐸), where 

𝑉 = 𝑉 ∪ {𝑛 + 1} and 𝐸 = 𝐸 ∪ {{𝑖, 𝑛 + 1}, 𝑖 ∈ 𝑉 ∖ {0, 𝑛 + 1}} 

verterx,  𝑖 = 0,  and vertex, 𝑖 = 𝑛 + 1, represent the same 

depot. The purpose of this model is to minimize the distance 

travelled by the vehicles while ensuring that the containers 

are all collected before they are over capacitated. 

Following are defined the indices, sets, parameters, 

variables and functions of the model implemented for the 

VRP. 

Sets:  

�̅� = {0, … , 𝑛 + 1} – Real depot, unreal depot and collecting 

points;  

 

Subsets: 

𝑽 =  {𝟎, … , 𝒏} – Real depot and collecting points; 

𝑽′ =  {𝟏, … , 𝒏} – Collecting points; 

 

Indexes: 

𝑖 – Depot and collecting points; 

𝑗 – Depot and collecting points; 

 

Parameters:  

𝒑𝒊 – Quantity to collect on point  𝑖. 

𝒅𝒊𝒋 – Distance travelled from point 𝑖 to 𝑗. 

𝑄 – Capacity of vehicle 𝑘. 

Variables: 

Positive variables:  

𝑥𝑖𝑗 – Auxiliary variable representing the load of the vehicle 

when it is going 𝑖 to 𝑗; 

𝑥𝑗𝑖 – Auxiliary variable representing the empty space of the 

vehicle when it is going 𝑖 to 𝑗; 

𝑘 – Number of vehicles required to ensure that all waste 𝑝𝑗 

is collected. 

Decision variable:  

𝑦𝑖𝑗 – Binary variable that takes the value 1 if the vehicle 

travels from location 𝑖 to 𝑗. Otherwise it takes the value 0. 

 

Objective function: 

 

For this case study, the objective function that best meets 

the needs of the ERSUC company is to minimize the 

distance travelled, in kilometers, ensuring that the smallest 

possible number of vehicles is used. 

As 5 new warehouses are being considered, which makes it 

possible to eliminate long distances travelled, it is expected 

that the company will be able to reduce costs associated 

with fuels, improve their collection efficiency and ensure that 

containers are collected before being overloaded. 

To better understand the objective function, one can 

observe Figure 6, which represents a route travelled by a 

vehicle. In this figure the vehicle moves from the tank (𝑖 =

0), collects rubbish from waste disposal (𝑖 = 7, 𝑖 = 4, 𝑖 = 9) 

and returns to the depot (𝑖 = 𝑛 + 1).  

 

 

Figure 6 - Illustration of the two-commodity flows in a possible route 

 

In the model developed, two flows are always represented 

between two places, and one of the flows represents the 

load that is inside the vehicle from the place 𝑖 to 𝑗 (𝑥𝑖𝑗 - 

represented by a continuous arrow) and the other flow 

represents the available load within the vehicle form the 

place 𝑖 to 𝑗 (𝑥𝑗𝑖- represented by a discontinuous arrow). 

Thus, to represent the objective function, we considered a 

sum of all distances travelled, multiplying the matrix 𝑑𝑖𝑗 by 

the binary variable, which will assume the value 𝑦𝑖𝑗 = 1 if 

there is a link between the location 𝑖 to 𝑗; otherwise it will 

assume the value 𝑦𝑖𝑗 = 0. It was then necessary to divide it 

by two to eliminate the dummy distance added previously. 

Considering the aim of the company, variable 𝑘 is also 

added to ensure that the smallest number of vehicles is 

used. 

 

𝑍 = 𝑚𝑖𝑛
1

2
∑ ∑ 𝑑𝑖𝑗𝑦𝑖𝑗

𝑗∈�̅�𝑖∈�̅�

+ 𝑘 (3) 
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Restrictions: 

 

The following restrictions ensure that the model complies 

with all necessary rules for the correct operation of all 

collection circuits. 

 

∑(𝑥𝑖𝑗 − 𝑥𝑗𝑖) = 2𝑝𝑖

𝑗∈�̅�
𝑗≠𝑖

,    ∀𝑖 ∈  𝑉′ 
(4) 

 

Equation (4) indicates that at each collection point, the sum 

of the differences between outflow and inflow is equal to 

twice the garbage to be collected. It ensures that all waste is 

collected at the collection point with the passage of a 

vehicle, and it is not necessary for the same collection point 

to be visited more than once. 

 

∑ 𝑥𝑖𝑗

𝑗∈𝑉′

= 0,         ∀ 𝑖 = 0 (5) 

 

Equation (5) ensures that all outflow from the depot is zero, 

that is, all vehicles will leave the depot at full capacity. 

 

∑ 𝑥𝑗𝑛+1

𝑗∈𝑉′

= ∑ 𝑝𝑗

𝑗∈𝑉′

 (6) 

 

Through equation (6), the model ensures that all waste that 

is collected is discharged into the depot. 

 

∑ 𝑥𝑗𝑛+1

𝑗∈𝑉′

≤ 𝑘. 𝑄 (7) 

 

Since in the problem under study the number of vehicles, 𝑘, 

is a variable, equation (7) ensures that the fleet capacity 

calculated by multiplying the vehicle capacity (𝑄) by the 

number of vehicles is equal to or greater. the sum of the 

quantity to be collected from the collection points. 

 

∑ 𝑥𝑛+1𝑗

𝑗∈𝑉′

≤ 𝑘. 𝑄 − ∑ 𝑝𝑗

𝑗∈𝑉′

 (8) 

 

Equation (8) ensures that the sum of the entire outflow of 

the depot, which represents the available truck space upon 

arrival (shown in Figure 6 by the dotted arrows), is less than 

or equal to the subtraction of the total fleet capacity with the 

sum of all waste to collect. 

 

∑ 𝑦𝑖𝑗

𝑗∈�̅�
𝑖≠𝑗

= 2     ∀𝑖 ∈ 𝑉′ 
(9) 

 

Through equation (9), it is guaranteed in the model that 

each collection point must have two output streams. As can 

be seen from Figure 6, each collection point must have a 

flow to the next vertex, which represents the load with which 

the vehicle goes to the next vertex and must have a (unreal) 

output flow to the vertex that which represent the available 

load of the vehicle at the entry of the vertex in question. 

 

𝑥𝑖𝑗 + 𝑥𝑗𝑖 = 𝑄. 𝑦𝑖𝑗       ∀{𝑖, 𝑗} ∈ �̅�, 𝑖 ≠ 𝑗 (10) 

 

Equation (10) ensures that at each vertex, the sum between 

inflow and outflow is equal to the vehicle capacity. 

 

𝑦𝑖𝑗 ∈  {0,1}       ∀𝑖, 𝑗 ∈  �̅� (11) 

 

𝑥𝑖𝑗,𝑥𝑗𝑖 ≥ 0     ∀𝑖, 𝑗 ∈  �̅� (12) 

 

Equations (11) and (12) ensure the domains. 

 

4. Case study: ERSUC results 
 

From the data provided by the company, it was found that in 

2017 a total of about one and a half million kilometers were 

covered. Only 713 548 kilometers were travelled for the 

collection of paper / cardboard packaging alone. The latter 

will be the value we will try to optimize in this paper, always 

ensuring that all waste is collected and that the capacities of 

the containers will never be exceeded. 

 

4.1 Containers 

 

The area granted by ERSUC, according to its own data, 

contains 4110 locations where Paper / Cardboard 

packaging containers (which will be referred to as 

cardboard) are located. In locations where the population is 

larger and the production of this type of waste also 

increases, two or even three cardboard containers are 

available to meet the needs. Thus, the number of cardboard 

containers is 4152, which operate into two zones: north 

zone (shown as yellow in Figure 7) and south zone (shown 

as blue in Figure 7). 

From Figure 7, it is noticeable that there are containers far 

away from the depots (represented by triangles), which 

leads us to believe that the addition of new, more dispersed 

depots will reduce the distance travelled and therefore 

improve service provided up to today. 

As for the capacity of the containers, they have a volume 

capacity of 2.5 m2. To be able to convert capacity to weight 

(kg), it would be necessary to know the density of the 

various materials, but ERSUC made available an estimate 

of the capacities of the containers, and the cardboard has a 

total of 75kg. 

 

 

Figure 7 - Collection points divided according to current situation 
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4.2 Daily deposited amount of recyclable waste 

 

The amount deposited in each container is a fundamental 

factor for the analysis of the problem, since the value of the 

amount of waste deposited in each container gives the 

value of “demand” and as a result the rate of filling. It is 

possible to check how long the collection points and 

vehicles take to exceed their capacity while ensuring that 

there are no overloads. Since ERSUC cannot estimate the 

exact values of the amount deposited in each container, an 

approximation is necessary to overcome this limitation. 

To determine the population of the ERSUC concession 

area, as it was not possible to obtain the results for 2017 

(year under review), 2011 Census data were used. As the 

aggregation of the containers locations was performed 

through town councils, with the Census, the number of 

people per collection point was obtained. Thus, in order to 

obtain the value produced daily by a collection point, it was 

necessary to use the SGRU 2017 sheets where the values 

of the quantities of recyclable waste deposited in the 

containers were collected in 2017, which for the case under 

consideration, the cardboard, was of 8300 tons. 

Through the following equation (13) a value of 

02475(
𝐾𝑔

𝑃𝑜𝑝.𝑑𝑎𝑦
)  is obtained for the cardboard capitations. 

 

𝐶𝑎𝑝𝑖𝑡𝑎𝑡𝑖𝑜𝑛 =  
𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑑𝑒𝑝𝑜𝑠𝑒𝑑 

𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛  
 (13) 

 

4.3 Distances 

 

There were two types of distances to be approached in this 

paper. For the first, distances within the collection points, 

the average values of container distances within the same 

town council were considered, as container locations were 

aggregated as mentioned in 4.4.2. Thus, ERSCUC provided 

an average value of 750 meters of distance travelled 

between containers within the same town council. In this 

problem were also developed matrices of distance between 

depots and collection points, which are fundamental for the 

operation of the model. The application presented in Section 

4.2.1 was used to define these matrices, through WSmart 

Route (2019), which has as input the geographic 

coordinates of the depots and collection points and it 

exports the actual distances between all vertices. It turns out 

that due to one-way roads, in most cases the distance from 

the vertex 𝑖 to the vertex 𝑗 was not equal to the distance 

from 𝑗 to 𝑖.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Therefore, a conservative measure of assuming the highest 

value was applied. 

 

4.3 Vehicles 

 

The number of vehicles was considered throughout the 

implementation of the problem as a variable, and since 

container allocation is being made to depots, it was also 

beneficial to understand how the available vehicles could be 

distributed. 

Through the collaboration with ERSUC, it was not 

necessary to calculate their capacity through their volume 

and the density of the material to be collected, and as such 

the total vehicle capacity for waste that is addressed 

throughout the paper is 2200 kg. As a precautionary 

measure, a factor of 80% will be used, and therefore, the 

value to consider is og 1760 kg. 

 

4.4 Results 

 

In this section we present and analyze the results that were 

developed throughout this paper. The differences between 

scenarios are shown and the objective function values that 

reflect the amount of kilometers travelled are presented. 

 

4.4.1 Phase 1: Sectorization 

 

Three sectorization methods were analyzed, as mentioned 

in section 3.1, and through these analyzes the collection 

sites to be taken into account will be dissimilar. 

In Figure 8 are represented the results per method used. 

Colored dots represent locations of cardboard containers, 

while triangles are depicting deposits. 

The figures appear to be similar, but since the methods are 

different, the allocation is discrepant, with aggregation 

values between 1022 and collection  

 

4.4.2 Phase 2: Definition of Routes 

 

• Phase 2.1: Reduction of problem size: 

Once the first phase was completed, results were collected 

that generated sub-problems of smaller dimension, with 235 

container locations, and of larger dimension, with 1022 

locations. Therefore, there was a need to reduce their size. 

The downsizing phase of the problem, as mentioned in 

Section 3.2.1, consists of two phases and respective results 

are presented below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 2 3 

Figure 8 – Sectorization by the three methods: 1 - Real Distance; 2 - Euclidean Distance: 3 - K-Means 



8 
 

According to the first reduction phase, aggregation by town 

councils, in phase 2.1.1, the values obtained are shown in 

Figure 9, where the colored points represent cardboard 

collection points, while the triangles represent the depots. 

The figures once again appear to be similar, but bearing in 

mind that this phase has as input the results of the previous 

phase, and it was expected the results to be different:  

• Real distance obtained 303 collecting points with a 

maximum of 58 and a minimum of 24; 

• Euclidian distance obtained 298 collecting points 

with a maximum of 57 and a minimum of 21; 

• K-Means obtained 287 collecting points with a 

maximum of 61 and a minimum of 19. 

It is particularly relevant to analyze the differences in the 

total values. Given that the results of sectorization are input 

of this phase, the choice of method used can have 

considerable impact. When sectorization is carried out, sub-

problems may encompass different numbers of towns 

council and it may happen that the same towns council has 

collection points allocated to more than one depot. 

To calculate the distances within the collection points it will 

first be necessary to obtain the frequency value, as 

mentioned in Section 3.2.2. 

Through the result of aggregation by town council, we 

proceeded to phase 2.1.2, which is the frequency of 

collecting points to divide in sub-problems. 

The results in allowed to identify the 105 sub-problems and 

how many of these will be analyzed individually through the 

resolution of the VRP, these being 77. This decrease is due 

either to a lack of “demand” from the collection points or to 

an anticipated visit, so as not to resolve a frequency with 

few collection points. 

For sub-problems with a frequency of less than seven days, 

21 sub- problems, as mentioned above, were calculated via 

direct routes. For the remaining 56 sub-problems, it was 

necessary to create collection routes using the model 

presented in section 3.2.2. 

In order to complete the first phase, i.e. to have the 

resolution of the VRP alone to solve, equation (2) was 

applied to obtain the annual distance travelled within the 

collection points. The result varies within a maximum of 10 

910 893 meters and a minimum of 2 893 929 meters. These 

values are extremely important and will be added to the total 

distance travelled that will be obtained from the resolution of 

the VRP. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

• Phase 2.2: VRP Resolution 

After phase 2.1, according to the methodology presented in 

Section 3.2.2, 77 sub-problems were analyzed and 

subdivided as follows: 

- Frequency less than seven days - 21 sub-problems; 

- Frequencies of 7 days, 14 days, 21 days and 28 days - 56 

sub-problems. 

For collection points of less than seven days, one-time 

routes have been applied to the day immediately before the 

collection sites were overloaded or the load to be collected 

exceeded the capacity of the vehicle. These routes could be 

obtained from the model implemented in GAMS, but given 

their simplicity they were calculated using the following 

equation (5.2) where annual distance for frequencies lower 

than seven days is represented as 𝐷𝑓 : 

 

𝐷𝑓 = =
365

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
 x 𝐷𝑖𝑟𝑒𝑐𝑡 𝑟𝑜𝑢𝑡𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

 

(14) 

All distances travelled on direct routes were calculated, i.e. 

between depots and their collection points with frequencies 

of less than seven days. By dividing the number of days by 

frequency, we obtained the number of times that these 

direct routes had to be carried out during the year 2017. As 

such, the annual results of the direct route distances, in 

meters, were achieved and varies within a maximum of 107 

196 829 meters and a minimum of 16 660 478 meters.  

As for collection points with frequencies of 7 days, 14 days, 

21 days and 28 days, 56 sub-problems were resolved 

through the VRP resolution presented in section 3.2.2. 

After the model implement in GAMS, the 56 sub-problems 

were solved and the distance travelled, the number of 

vehicles needed, and the collection routes were obtained. 

 

5.2.3 Comparison of Results 

 

The comparison between of the current scenario used at 

ERSUC (two depots) and the scenario studied here is 

performed through the distance travelled. It is assumed that 

in the current case of ERSUC, for 2017, the containers were 

not overloaded, and considering that in the analysis 

performed here such would not be the case either, the 

comparison by the distances travelled is the most accurate. 

The distance travelled in 2017 by the company ERSUC 

destined to  the  collection  of  paper  waste  is  presented in  

 

 

 

 

 

 

 

 

2 1 3 

Figura 9 - Aggregation in town councils for the three methods: 1 - Real Distance; 2 - Euclidean Distance: 3 - K-Means 
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Table 1 shows the total distances, in kilometers, in this 

study scenario, as well as the respective variations.  

 
Table 1 - Comparisons between current scenario and scenarios under study 

Methods  
Distance 
current 

scenario 

Distance 
alternative 
scenarios 

Variations 

Real Distance 

713 548 

509 426 -28,6% 

Euclidian Distance 537 562 -24,7% 

K-Means 489 608 -31,4% 

 

Considering the analysis made and respective results, there 

were significant improvements in the three methods used for 

sectorization. It would be expected that the real distance 

method would be the one with best result, but it was found 

that the best method for sectorization is K-Means Cluster 

Analysis. Therefore, a sensitivity analysis was performed on 

the average distance travelled within each collection point. 

Improvements were already expected, as an increase in the 

number of depots would lead to an approximation of depots 

to the containers to collect, but a 30% reduction is a 

significant result, which can be proved to be quite lucrative. 

The future balance that ERSUC will have to make, will be to 

check whether the cost of infrastructure changes (transfer 

stations) is higher than the gains that ERSUC can achieve 

by reducing the distance travelled over the years. If so, it 

may not be worth moving forward with the changes. 

 

5. Conclusions  
 

The growing consumerism felt worldwide has a direct 

consequence on the increased amount of waste produced. 

The accumulation and potential mismanagement of these 

wastes can have drastic consequences for world health in 

the short and long term. In an attempt to fight waste 

accumulation, companies such as ERSUC focus on 

managing the operational and logistic process of waste 

collection, with the ultimate goal of facilitating further 

recycling or valued recovery of waste. The growing need for 

compliance at both international and European levels, and 

the growing competition felt financially, creates a direct need 

to ensure businesses work efficiency, which is reflected in a 

need for cost savings. In the specific case of ERSUC, an 

optimization of waste collection routes allows for a more 

efficient management of resources, cost savings and a 

reduction in CO2 emissions. 

Within this context, this paper focused on the development 

of a mathematical model that aims to evaluate the possible 

optimization of ERSUC's distribution routes, through the use 

of five transfer stations that would play the role of depots. 

This problem was addressed based on a Cluster First-Route 

Second approach, consisting of two main phases: a 

sectorization and a route definition. 

In the first phase, three distinct methods were analyzed, 

which would subdivide the problem into seven sub-

problems, and the methods used were: real distance, 

Euclidean distance and K-Means Cluster Analysis. In the 

second phase, recyclable waste collection routes were 

calculated, based on a two-commodities flow Vehicle 

Routing Problem where the GAMS software was used for its 

implementation. 

Because the analysis to be made for the three types of 

recyclable waste (paper cardboard, glass and packaging) is 

quite identical, the dissertation focused on paper cardboard 

waste, as this is the waste that most demanded from 

ERSUC in terms of annual distance travelled. Due to the 

data provided by ERSUC, regarding the routes travelled in 

2017, the analysis focused on comparing the annual 

distance performed by the company in the same year with 

the three annual distances travelled. 

The results from the optimization problem addressed here 

allowed for a significant improvement, with a reduction of 

around 30% of travelled distances by vehicles. This model, 

however, presents some limitations: lack of knowledge 

regarding the amount to be collected by location and lack of 

scheduling. The first limitation led to various approximations, 

which in turn caused this study to deviate from the real 

case. As such, it was necessary to gather population values 

by town councils and the most recent data was 2011. There 

could have been a population growth rate estimate through 

other Census, but it was not available. It was then assumed 

that the containers filled proportionately, which simplified the 

problem but distanced it from reality. The second limitation, 

lack of scheduling, relates to the routes having been 

calculated assuming no limit on the number of vehicles. The 

number of vehicles introduced in the model was 

implemented in the objective function, in order to use as few 

vehicles as possible. It would be very advantageous to do a 

calendar analysis so that we can understand the exact 

number of vehicles that would have been required for 

ERSUC to operate in 2017. 

As mentioned earlier, this paper has focused on optimizing 

paper cardboard waste collection. The routes of other 

recyclable waste can be optimized using the same model 

developed in this paper. Data processing has already been 

handled, and the next steps would require runs in the model 

to get the route plans and their distances travelled. 

Once more databases are made available by ERSUC, more 

refined and accurate may be the data processing and 

respectively, the final results. An analysis for future work is 

then suggested, taking into account the information 

gathered from previous years. 

There are other possible approaches to problems with these 

characteristics, such as Multi- Depot Vehicle Routing 

Problem (MDVRP) and Location Routing Problem (LRP). 

MDVRP solves the problem from an approach very similar 

to the one used in the paper, except that the two phases are 

solved simultaneously. In LRP it is also necessary to input 

the locations of possible depots, but the approach focuses 

on whether more depots are actually needed and if so which 

ones, exporting as well route planning and the distances 

travelled by them. 

Finally, this paper focused on presenting a possible option 

to improve ERSUC's waste collection management. It is 

hoped that this tool can be an asset to the company. 
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